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One-to-One and Onto Functions

DEFINITION 6 A function f whose domain and codomain are subsets of the set of real numbers is called

increasing if f(x) < f(y), and strictly increasing if f(x) < f(y), whenever x < y and x
and y are in the domain of f. Similarly, f is called decreasing if f(x) > f(y), and strictly

decreasing if f(x) > f(y), whenever x < y and x and y are in the domain of f. (The word
strictly in this definition indicates a strict inequality.)

DEFINITION 7 A function f from A to B is called onto, or a surjection, if and only if for every element
b € B thereis anelementa € A with f(a) = b. A function f 1s called surjective if 1t 1s onto.

Remark: A function f 1s onto if Yy3x(f(x) = y), where the domain for x is the domain of the
function and the domain for y 1s the codomain of the function.



EXAMPLE 12

and f(d) = 3.1Is f an onto function?

Extra
Examples <

then f would not be onto.
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Examples of Different Types of Correspondences.

Let f be the function from {a, b, ¢, d} to {1, 2, 3} defined by f(a) =3, f(b) =2, f(c) =1,

Solution: Because all three elements of the codomain are images of elements in the domain, we
see that f is onto. This is illustrated in Figure 4. Note that if the codomain were {1, 2, 3, 4},

<

{¢) Nota fusction



DEFINITION B The function [ is a one-to-one correspondence, or a bijection, if it is both one-10-one and
onto. We also say that such a function i3 bijective.

EXAMPLE 16 Let f be the function from {a. b. ¢, d} to {1, 2,3, 4} with f(a) =4, f(b) =2, f(¢) =1, and
f(d) = 3.1s f abijection?

Solunion: The function f is one-to-one and onto. It is one-to-one because no two values in

the domain are assigned the same function value. It is onto because all four elements of the
codomain are images of elements in the domain. Hence, f is a bijection. 4

Supposc that f : A — B.
10 show fhat [ 15 myective Show that if f(x) = f(y) for arbitrary x. y € A with x # y,

thenx = y.
1o show that f 1s not mjective Find particular clements x, y € A such that x # y and
f(x) = f(y).

1o show that [ s surjective Consider an arbitrary element y € B and find an clement x € A
such that f(x) = y.

10 show that f 1s not surjective Find a particular y € B such that f(x) # y forall x € A.



Injections, Surjections, Bijections

Definition
A function f : A — B is injective (*one-to-one”) iff f(a) = f(b) —+ a = b.
Then f is called an injection.

Definition

A function f - A —» B is surjective ("onto”) iff vbe Blac Af(a) = b.
Then f is called a surjection.

>

A function f : A — B is surjective iff f(A) = B, i.e., the range is equal to
the codomain.
Definition

A function f - A — B is bijective iff it is injective and surjective. Then f
is called a bijection or one-to-one correspondence.

y




Inverse Functions and Compositions of Functions

DEFINITION 9

Let [ be a one-to-one carrespondence from the set A 1o the set B. The inverse function of
S is the function that assigns 1o an element b belonging to B the unique element @ in A
such that f(a) = b. The inverse function of f is denoted by f~'. Hence, f~'(b) = a when
fla) =b.

If f: A— Bis a bijection then the inverse of f, denoted by ' is
defined as the function ' : B — As.t. f'(b) = aiff f(a) = b.

If f is not a bijection then the inverse does not exist.
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FIGURE 6 The Function f~! Is the Inverse of Function f.



EXAMPLE19 Let f:Z — Zbesuchthat f(x) = x + 1. Is f invertible, and if it is, what is its inverse?

Solunion: The function f has an inverse because it is a one-to-one correspondence, as follows
from Examples 10 and 14. To reverse the comrespondence, suppose that y is the image of x, so
that y = x 4 1. Then x = y — 1. This means that vy — | is the unique element of Z that is sent
to y by f. Consequently, f~'(y) =y — L. <

DEFINITION 10 Let g be a function from the set A 1o the set 8 and let f be a function from the set B to the
set C. The composition of the functions f and g, denoted for all a € A by f o g, is defined
by

(f o g)a) = figla)).

Letf: B — Cand g: A —+ B. The composition function f o g is defined
by fog: A— Cwith fo g(a) = f(g(a)).
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FIGURE T The Composition of the Functions / and g.

EXAMPLE23 Let f and g be the functions from the set of integers to the set of integers defined by
S(x) =2x +3 and g(x) = 3x + 2. What is the composition of / and g7 What is the com-
position of g and f7
Solution: Both the compositions f o g and g o f are defined. Moreover,

(fog)x)=f(gx)=fGB3x+2)=23x+2)+3=6x+7

and

(o Hx)=g(f(x))=pg2x+3)=3(2x +3) 4+ 2= 6x + 1. <



DEFINITION 11 Let f be a function from the set A to the set B. The graph of the function [ is the set of
ordered pairs {(a. b) | e € A and f(a) = b}.

EXAMPLE 25 Display the graph of the function f(x) = x* from the set of integers to the set of integers.

Solution: The graph of f is the set of ordered pairs of the form (x. f(x)) = (x, x?), where x is
an integer. This graph is displayed in Figure 9. <

m Sequences and Summations

Sequences

DEFINITION 1 A sequence is a function from a subset of the set of integers (usually cither the set {0, 1, 2, .. .}
ortheset{1,2.3, .. .})toaset §. We use the notation a, to denote the image of the integer n.
We call a, a term of the sequence.



A sequence over a set S is a function f from a subset of the integers
(typically M or M — {0}) to the set S.
if the domain of f is finite then the sequence is finite.

Example: Letf: M — {0} — ( be defined by f(n) := 1/n.
This defines the sequence

RN
"2°3°47

Let a, = f(n). Then the sequence is also written as ay, az,a3.... oras

{3n}neN-{D}

DEFINITION 2 A geometric progression is a sequence of the form

where the initial term a and the common ratio r are real numbers.



DEFINITION 3 An arithmetic progression is a sequence of the form
a,a+da+2d,..., a+nd,...

where the ininal term a and the common difference d are real numbers.

Recurrence Relations

DEFINITION 4 A recurrence relation for the sequence {a, } is an equation that expresses a;,, in terms of one or
more of the previous terms of the sequence, namely, ag, ay, ..., a,—1, for all integers n with
n > ng, where ng is a nonnegative integer. A sequence is called a solution of a recurrence
relation if its terms satisfy the recurrence relation. (A recurrence relation is said to recursively
define a sequence. We will explain this alternative terminology in Chapter 5.)

EXAMPLE 5 Let{a,} be a sequence that satisfies the recurrence relationa, = a,_1 +3forn =1,2,3, ...,
and suppose that ag = 2. What are a1, a>, and a3?

Solution: We see from the recurrence relation that a; = a9 + 3 = 2 + 3 = 5. It then follows
thatap =5+3=8anda; =8 +3 =11. <



DEFINITION 5  The Fibonacci sequence, fo, fi, f2, ..., is defined by the initial conditions fy = 0, f1 = 1,
and the recurrence relation

fn — fn—l + fn—2

forn =2,3,4,....

EXAMPLE 7 Find the Fibonacci numbers f>, f3, f4, fs, and fg.

Solution: The recurrence relation for the Fibonacci sequence tells us that we find successive
terms by adding the previous two terms. Because the initial conditions tell us that fo = 0 and
f1 = 1, using the recurrence relation in the definition we find that

HLh=hHh+fo=1+0=1,
B=hL+hHh=1+1=2,
fa=f3+fo=2+1=3,
fs=fa+f3=3+2=5,
foe=fs+ fa=5+3=8.



Summations

Given a sequence {an}. The sum of the terms am, ani1,...,anis
written as
am + @my1 + -+ an

n
>3
J=m
> g

m<j<n

The variable j is called the index of summation. It runs through all the
integers starting with its lower limit m and ending with its upper limit n.

THEOREM 1  If a and r are real numbers and r # 0, then

n+1
n ar"T —a

Zarj: r—1

j=0 (n+1Da ifr=1.

ifr £1



TABLE 2 Some Useful Summation Formulae.

Sum Closed Form

n n+1

> ark (r #£0) ar = —a , 41
Py r—1

n

Z k nn—+1)
k=1 2

n

Z 12 nn+1)2n+1)
k= 6

n

NG n%(n + 1)
k=1 4

(0, @)

1

Zxk, x| <1 7
k=0 A

> 1

Z kxk_l, x| <1

(1 —x)?




EXAMPLE 23 Find ;% ok

Solution: First note that because 2100 2 = k _ 1k2 + Z,ICOO sok?, we have
100 100 49
Y=Y e R
k=50 k=1 k=1

Using the formula ZZ _ 1k2 =nmn + 1)(2n + 1) /6 from Table 2 (and proved in Exercise 38),

we see that
100
, 100-101-201 49-50-99

Y k= - — —— ¢ = 338,350 — 40,425 = 297,925. <

k=50
Products
Given a sequence {ap}. The product of the terms am, amy1,--.,anis
written as

am * @my1 * - - - % an

n
113
Jj=m



Matrices

Zero—One Matrices

DEFINITION 8 Let A = [a;;] and B = [b;;] be m x n zero—one matrices. Then the join of A and B is the
zero—one matrix with (i, j)th entry a;; V b;;. The join of A and B is denoted by A v B. The
meet of A and B is the zero—one matrix with (i, j)th entry a;; A b;;. The meet of A and B is

denoted by A A B.
(1 ifby=by=1
by N by = |
bore |0 otherwise,
b b 1 ifblzlorb2=1
V by = ;
beoe |0 otherwise.




EXAMPLE 7  Find the join and meet of the zero—one matrices
1 0 1 0O 1 O
A:[o 1 0]’ B:[l 1 o]
Solution: We find that the join of A and B is

AvB:[lvO ov1 1\/0]:[1

Ovli 1v1l 0OvO I 1 0|

[E—
[
| I

The meet of A and B is

A/\B:[l/\o OAl 1/\0]

0 O
OAnl 1Al OAO 0

[E—
o O
1

DEFINITION 9 Let A = [a;j] be an m x k zero—one matrix and B = [b;;] be a k x n zero—one matrix. Then
the Boolean product of A and B, denoted by A © B, is the m x n matrix with (i, j)th entry
cij where

cij = (aj1 ANb1j) V (aia ANbaj) V-V (aik N bgj).



EXAMPLE 8 Find the Boolean product of A and B, where

Solution: The Boolean product A © B is given by

_(1/\1)\/(0/\0) (IAD)VOAL AA0)VOATL
AOB=|1O0OADVAAD OADVAALDL OAO0V(IAID
L AADVOAO0 AADVOALD (AA0)VOALD

1v0 1vO0 0vO
=|0v0 Ovl Ovli
_lvO 1vO 0OvO

1 1 0
=10 1 1
11 0



